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Almost Sure Quasilocality in the Random Cluster Model
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We investigate the Gibbsianness of the random cluster measures u%” and g*?,
obtained as the infinite-volume limit of finite-volume measures with free and
wired boundary conditions. For ¢> 1, the measures are not Gibbs measures,
but it turns out that the conditional distribution on one edge, given the con-
figuration outside that edge, is almost surely quasilocal.

KEY WORDS: Random cluster model; non-Gibbs states; quasilocality of
conditional distributions.

1. INTRODUCTION

In recent years, it has become apparent (see ref. 1 and references therein)
that not all states of pysical interest for statistical mechanics are Gibbs
measures.'”) Examples can be found in renormalization group theory,
where applying renormalization group transformations to Gibbs states may
lead out of the class of Gibbs measures.'"” Other examples come from the
theory of interacting particle systems, where nonreversible processes may
have non-Gibbsian stationary states.’ A general theory of non-Gibbsian
states is not available. All one can do for the moment is investigate par-
ticular models and try to classify the examples one has of non-Gibbsian
states. One way of classification is the following. Gibbs states satisfy the
property of quasilocality. This means that conditional expectations of local
events are continuous functions of the configuration one conditions on.
Non-Gibbsian states (if they are not non-Gibbsian for the reason that there
are some constraints or hard-core interactions) lack this quasilocality
property. A way of classification is therefore to look at how large the set
is on which quasilocality fails.**’ In many cases, this seems very difficult. >4
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In this paper we investigate the free and wired random cluster
measures with g>1 and 0 <p< 1. We show that we have almost sure
quasilocality of conditional distributions, but no quasilocality everywhere.
At the same time it makes rigorous the common wisdom that the random
cluster model has nonlocal features.

The paper is organized as follows. In Section 2 we present the model
and state the main result of the paper. In Section 3 we construct regular
conditional distributions for our measures. In Section 4 a proof of almost
sure quasilocality is given.

2. MODEL AND MAIN RESULT

We consider the square lattice Z2 The set of edges of Z? is denoted by
Z7,. The model under consideration is the random cluster model. The con-
figuration space is 2 = {1, 0} #*. On Q we put the product topology and its
Borel g-field #. Configurations are denoted by w, #, or {. The value of w
at ee 7% is w,; the restriction of w to A =Z% is w,,:={w,: e€ A}. To each
edge ecZ% we assign a variable y, with values in {0, 1}, y(®):=w,;
x.{w)=1 declares the edge open and y. (w)=0 if the edge is closed. Two
sites x, y are said to be connected if there is a finite path via open edges
from x to y. A cluster is a maximal set of connected sites. We fix 0 <p <1
and g> 1. For the construction of the free boundary condition state, we
start with a finite set of edges 4 = Z2. We define a probability measure u ,
by its weights:

1 . .
_le(rm)(l _p)No('m)qc(r/) if He= 0 outside A

uGrn) =<2, (2.1)
0

otherwise

Z , is a normalization constant. N,(n,) is the number of open edges of 7
in A; Ny(n,) is the number of closed edges of # in A; ¢(n) is the number
of clusters of #.

We proceed in a similar way to construct the wired state 4? 7. The finite-
volue measures %7 are defined by

1 N
. - I('IA)(I — )Nu('m) c(n) if o= 1 outside A
agon :=4Z," P §

0 otherwise

(2.2)
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The following results are well known.'®

Lemma 1. 1. u%” and %7 have the FKG property, ie., for any
increasing functions g, h on Q

p47(gh) Zp%7(g) u%(h)
A57(gh) =z 3% (g) A% (h) (2.3)

2. For any increasing function g on £,

uhr(g)<usr(g)
A%7(8) = A%1,, (24)
if Ac A"
3. The weak limits y*?:=lim, x4%? and g%? :=lim , %7 exist.

It is also well known that there exists a critical value p (g) for p above
which there is percolation in the state x?” and below which there is
absence of percolation. By percolation is meant the almost sure existence
of an infinite connected cluster. Off the critical point, it is believed that
#4” =77 and that there is thus a unique state for the model (because free
and wired boundary conditions are extremal in the FKG sense). It can be
proven rigorously for g =1, 2, ... by the existing connection with the Potts
model (see ref. 6 for more information on this). Thus #%# and g% can only
differ at p {q), and they indeed do at high integer values of ¢ where one can
make the connection with a first-order transition for the Potts model. For
notational convenience we will drop the superscript ¢, p unless explicitly
needed.

Definition 1. We call a function g on @ quasilocal at » iff for any
¢ >0, there exists a finite region A, such that

sup lg()—gln)<e (2.5)

.o
Ca,=na,
The following result is well known.-% 1

Lemma 2. Let #° be the g-algebra of events not depending on w,.
The measure p on 2 is a Gibbs measure iff for every edge e there exists a
version 7 (x,|-) of E,[x. | #°] satistying:

. O<m(x.])<Ll.

2. m,(x.|-) is quasilocal at every 5 e £2.
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We can now state the main result of the paper.

Theorem 1. Lety and /i be the probability measures constructed above.

1. p is not a Gibbs measure. No version of E,[x, | #°] is quasilocal
everywhere.

2. There exists a version of E [y, | #°] which is quasilocal u-as.

The same is true for 4.

3. CONDITIONAL PROBABILITIES

Let us now construct a version 7,(x, |-) of the conditional probability
E.[x.| #°]. Let A be a finite subset of Z3 and A4°:=Z3\A. We denote by
0 the configuration in which every edge is closed and by 1 the configuration
in which every edge is open. We define #.(x.|n) for all y=#,0 , as the
conditional expectation of y, with respect to u ,; since those configurations
are dense in 2, we then extend the definition by a limiting procedure. (The
proof of the existence of the limit is given after the next lemma.) Thus,

e Xel 140 40) :=luA(Xe|’7A\{e}0A") (3.1)
ne(Xe | ’7) = 11}11'1 ne(XelnAOA") (32)
Similarly we construct a version #(x.|-) of Ez[x.|# ]
ﬁe(Xel”AlA‘) :=/1A(Xe|’7/1\{e} lA‘) (33)
ﬁe(Xel”):__-li}ln 7:EL’(XeIﬂAlA‘) (34)

Lemma 3. Let V3¢ be a finite subset of Z%. For an % °-measurable
function g

up(mlx.l) g)=uv(x.g) (3.5)
Ap(flx.]) &) =iv(x. &) (3.6)
Proof. We have

s (me)) 8) = [ 1(do) 7| @) g(e)
= Jﬂ vido) m(x.|wy0y) glw 0y

=J./"V(dw) Eﬂx/[xelye] g(w)

=uy(x.8)

The proof of the second statement is similar. J
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Let us compute now more explicitly our expression for =z.(y.|#)
Denote by #° the configuration equal to # off e and equal to 0 on e and

by 5' the configuration equal to # off e and equal to 1 on e. Now

ﬂA(’?l)

Tl Xe |40 40) =—F——4 (3.7)
elna0a) = oy )
It is thus clear that
— (750 4) = c(n}04) + 1
(Xl 40) =< P+q(l—p) (3.8)
p if  c(n%04)=c(1}04)

The event where ¢(7%0 4) = (70 4) — 1 is impossible. Indeed, since isolated
lattice sites are also counted as clusters, the creation of an open edge cannot
increase the number of clusters.

For any finite A we say that two sites x and y are connected inside A
for the configuration # if they are connected for the configuration #,0 4.
Similarly, we say that two points are connected outside A for # if they are
connected for #,1 4. Let e be the edge with sites x and y as endpoints.
Define the following events:

E{ ,:={xis connected to y inside 4}

and

Similarly, define

E? ,:={xis connected to y outside A}

and

B (U B ) o(N 2 )

Let y° denote the indicator function of E’ . Denote by x?, the indicator
function of E7,. Then

c(n%04) =c(n0,) + 1 iff n°¢EL

C(”ZOA‘)=C(’7;0A‘) iff WOEE;,A

822/79/3-4-19
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Now we want to take the limit 4 » oo. If %€ EL,, there has to exist some
finite volume A such that n°e EL, ,. Therefore, for each such # the limit
over A exists and

14 i (.0 i 7.0
= ——— 1—-
Tl Xel) p+q(1_p)( X)) + px(n”)
-7 S i (n° 39
p+q(1—p)+<‘p p+q(1—p)>x”(”) (39)

It is clear that = (x,|-) is a nonlocal, nonnegative, and increasing function,
since ¢ > 1. In a similar way

14
Ro(Xelnal 4) =4 P+4q(1—p)
p it c(n%1 ) =cln'1 4)

if C(”?ﬂ 1) = C(’7.14 1e)+1 (3.10)

It is again clear then that

e lp)=clnyly+1  iff n°¢E7, ,
c(nS L) =c(nll 4) iff n°eE? ,

For n°¢ EZ, we already know that we can take the limit 4 .~ co. Thus now
take 7€ Q, n°€ E, but n°¢ E. This 5 is such that n°c E?, , for all finite
A. Thus, :

Txelnala)=p
The limit over A thus exists and equals p. It is then clear that
~ P Y4 o 0
ToXel )=—+< ———~> n(1”) (3.11)
K v a=p \P " prai—p)

The expressions for n,(x,|-) and & ,(y,|-) differ thus on the sét of configura-
tions » such that in #° both x and y are connected to infinity, but not to
each other.

The following lemma is an adaptation of Lemma 3.1 in ref 4.

Lemma 4. Let g be a monotone bounded function. If
glw) =1i/r'n 8w 40 4) (3.12)

then
#(g)=li§n#4(g) (3.13)
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If
glw)= lizltn glw 41 40) (3.14)

then
ﬁ(g)=li/I‘nﬂA(g) (3.15)

Proof. We just prove (3.13) for monotone increasing functions. The
proof of the other statements is similar. We denote g, (w):= g(w 0 ).
Since g is increasing, g,< g, for AcA’. Let McAcN, |N| <. We
have

aAgr)Spgr)=ug)<un(gs) (3.16)

The left inequality is due to the above remark, the right one is due to
Lemma | since g, is monotone increasing. Since g, is a local function, we
can take the limit over N, and get (Lemma 1)

HAgar) SAA(g)SSLLp#N(gAF#(gA) (3.17)

By hypothesis, lim, g, = g; by the monotone convergence theorem we
obtain

u(gr) < limAinfﬂA(g) < limASuP Ha(g)<sp(g) (3.18)
Finally, taking the limit over M yields
#(g)sli?m(g)sﬂ(g) 1 (3.19)

Proposition 1. n,(x.|-) is a version of E,[x.|#°].

Proof. It suffices to prove that for any nonnegative increasing local
& ¢-measurable function g

Hx.8)=u(nx.1-) g) (3.20)

Because both y, and g are local, we have from weak convergence and
Lemma 3 that

ux.g)= li;nu/,(xeg)

= li;n#A(ne(xe l-) &) (3.21)
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Now #.(x.|-) is nonnegative and increasing and so is g. Then so is
n.{x.| ) g By definition n.(y,|w)=1lim, 7 {(x.|®,04); since g is local, the
same is true for = (y.i-}g We can therefore apply Lemma4, which
guarantees the convergence of u (7 .{x.|-) g) to u(nx.|-) g). This con-
cludes the proof. |

In the same manner we prove that 7,(y,|-) is a version of E;[x.|#“].

4. ALMOST SURE QUASILOCALITY

We now investigate the quasilocality properties of z,(x.|-). We follow
ref. 1, Section 4.5.3. Because #,(y,|-) is only one version of E,[x.| % *], to
prove nonquasilocality of E,[x.| %], we have to show that no function
that equals =.(y.|-) u-as. is quasilocal everywhere. We say then that
n.(x.|-) displays an essential nonquasilocality. Because u gives nonzero
probability to any open set, it suffices to investigate the function z,(x,.| )
on a neighborhood of #, to search for essential nonquasilocality of n,(x.|-)
at . A neighborhood of # is constructed in the following way. Fix a finite
set A; then

Nn)={neQ:{,=n,} (4.1)
is a neighborhood of #.
Proposition 2. No version of E,[x.| %] is quasilocal everywhere.

Proof. The proof is given in ref 1. We repeat it here for the sake of
completeness and because it gives more insight into the properties of
nc(Xe I : ) A

Let A,:=[ —n,n] Let 5 be the configuration which sets ny,:=1 on
parallel rays running from x and y to infinity, perpendicular to the edge e,
and sets 17, =0 on all other edges. We choose two subsets of A, (17): A"}, (1),
in which an open edge in 4,,,\/, connects the two rays; and A" 9,"(;?),
in which ali edges of 4, ,,\1, are closed, so the parallel rays cannot be
connected no matter what the configuration outside 4, ,, is. Now, for all
Cl,n c “4/11,.(’7)’ CZ. ne u/VZ"(ﬂ)

Liny 2.n = p— ]7____
X" = A x N5y =p p+q“_p)>0 (42)

uniformly in .
Since .4}, (1) and 4" () carry positive y-measure, it follows that no
function that equals #,(x.|-) u-a.s. can be quasilocal at . |
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We set out now to find how large the set of configurations is where
7. (x.|-) exhibits essential nonquasilocality. It turns out that this set is
rather small in the measure-theoretic sense.

Lemma 5. u-as. there exists no more than one infinite cluster. The
same holds for j.

Proof. As a consequence of the Burton—Keane uniqueness theorem,®’

the result follows from translation invariance of 4 and the so-called finite-
energy property, ie.,

O<BE.[x.|#F°)<], p-as (43)

But this condition is easily verified from expression (3.8) for #,(x.|-) and
Proposition 1. The same reasoning applies to 4. ||

Proposition 3. The function n(x.|-) is quasilocal u-a.s.

Proof. According to Lemma 5, the set Q, of configurations where
there is no infinite cluster or a unique infinite cluster carries full measure.
Take thus any e ,. Suppose first that # has no infinite cluster. Then
there exists some finite set A, e e A, for which no site in 4 is connected to
A°. But then 7,(x.|n)=n.x.|{) whenever n and { agree inside A. This
proves locality of n(x,.|-) at such #.

Now take any configuration # € 2, that has a unique infinite cluster.
If not both x and y are connected to infinity, then again there exists a finite
set A such that z.(y.|n)=n.x.|{) whenever  and { agree inside 4. So
suppose that both x and y are connected to infinity. Because of the unique-
ness of the infinite cluster, there exists now a finite set 4 such that x and
y are connected by a path of open edges within 4. In that case again
n(x.1{)=m.(x.ln) for all { that agree with » inside 4. Hence n(x.|-) is
quasilocal for all configurations 7€ 2,. |

Because both x4 and i have no more than one infinite cluster it is now
clear from expressions (3.9) and (3.11) that g-as. and g-as. m(x.|-)=
fex.l-). It follows that m(yx.|-) is a version of both E,[x.|# ] and
E:lx.l# ] and that 7 (x.|-) is also quasilocal g-a.s.
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